In this paper, we extend the exiting method to conduct combustion stability analysis in axial injection hybrid rocket engines to apply for vortex injection systems by introducing the swirl strength as a new input of the linear model, extending the quasi one dimensional flows to axisymmetric three dimensional flows and estimating axial skin-friction coefficient in swirl flows and skin-friction shear stress with blowing by contrasting one with no blowing. Next, to validate the accuracy of the quasi-steady boundary layer combustion model we compare regression rates derived from this model with ones derived from experiments. Then, linearizing the quasi-steady model, we construct unsteady models. Finally, we couple the unsteady boundary combustion model with the thermal time lags model in solid fuels and conduct stability analysis. It is estimated that swirl systems also have a set of unstable poles of natural oscillations and swirl and can be more unstable than axial ones.
Nomenclature
: constant related to regression rate : constant related to heat flux to the wall averaged in the axial location depending on engine configuration and combination of fuel and oxidizer : blowing 
Introduction
Hybrid rockets have advantages to make low cost launch vehicles which have thrust control ability, grain robustness, and safety. On the other hand, because low regression rates are the largest challenge of them, most combustion chambers have multiple ports to meet the required thrust. Multi-port engines must have more residuals of fuel than single-port ones. The residual fuel is unnecessary construction weight and leads decreasing payload ratio. Therefore, increasing regression rates is required in order to make hybrids more useful.
As one of the techniques to solve this problem, vortex injection of oxidizer flows attracts researchers' attention. It is thought that the centrifugal force due to swirl makes the flame closer to the fuel wall and this effect increases regression rates. From the point of view of combustion instability, this effect can make the time lag of the fuel mass flux change shorter and the augmented fuel mass blowing can block more heat flux from the flame and it is difficult to discuss quantitatively the combustion stability of this system.
The combustion mechanism of the hybrid rocket motors is complex as Fig. 1 . Because of this complexity, when we use the CFD approach especially for the unsteady phenomena, we have to solve the many kinds of phenomena (such as turbulence, decomposition and vaporization of fuels, combustion, heat convection of gas, radiation and heat conduction in solid fuels) at the same time and huge calculation resource is needed even to solve a classical hybrid rocket problem. Moreover, isotropic turbulence models do not accurately simulate swirl flows in cylinders. Therefore, analytical approaches in hybrids have a significant meaning.
Marxman and his collogues (such as Gilbert) constructed the basis of the boundary combustion theory of hybrid rockets in 1960s. They introduced blowing parameter and successfully estimated the quasi-steady heat flux to the wall 1, 2) . 40 years later, Karabeyoglu et al. successfully constructed an unsteady linear model of axial injection hybrid rockets to evaluate the bulk mode frequency of combustion oscillation 3) . They constructed each model about three phenomena individually. The first model is the thermal lags model in the solid fuel. This model is based on the heat conductive equation through fuel surface. Usually, the heat conductive equations are liner but this model is nonlinear since the relation between heat flux from the flame and the regression rates depends on the temperature gradient at fuel surface. This is why they used the perturbation solution to obtain more precise liner solution. The second one is based on the heat transfer model from flame to the fuel surface. This model is derived from Reynolds analogy, Prandtl's mixing length theory, and the flat plate boundary layer theory with blowing from its surface. The last one is the free flow gas dynamics model made from Euler's equation, by which vaporized fuel or regression rates converts to the pressure oscillation. The transfer function made from coupling the prior two models is called "Thermal -Combustion coupled model (TC coupled model)", with which a disturbance of injected oxidizer mass flux converts to the one of regression rate with time lags. The couple of TC coupled model and the third model is called "Thermal -Combustion -Gas coupled model (TCG coupled model)". Using this model, a disturbance of injected oxidizer mass flux converts to the one of pressure oscillation. The bulk mode frequency estimations by TC coupled model are highly precise but amplification factors estimated from this model is not useful because the pressure oscillations are typically limit cycle oscillation and this type oscillation is nonlinear.
In our study, we extend this model to apply for swirl injection systems by introducing the swirl strength as a new input of the linear model and considering three-dimensional axisymmetric flows. In this paper, we extend TC coupled model for swirling hybrid rockets which is the main amplification source of low frequency oscillation in hybrid rockets (within green frame in Fig. 2. ) .
In this paper, first, to simplify the complex flows in chambers, we consider the some hypotheses of flows in swirling hybrid rockets. Next, after deriving the equations of the heat transfer, the shear stress, and the velocity distribution in boundary layer of the axisymmetric flow with fuel mass injection normal to the fuel surface, we extend the quasi-steady boundary layer combustion model. In this model, we use the hypothesis that swirl in cold flows decline according to the axial length. Then, by introducing time lags of the oxidizer and the solid fuel to the quasi-steady model, we construct the transient boundary layer combustion model and obtain the transfer function of the combustion boundary-layer-thermal lag coupling model by combining it with the thermal lag model in solid fuel. Finally, we compare the transfer function of the present swirl extended model with that of the axial model and evaluate how vortex injection affects the low frequency combustion stability of hybrid rockets. 
Hypotheses about the Velocity Fields in Swirling Hybrid Rocket Engines
First of all, to simplify the complex flow in chambers, we consider the some hypotheses related to flows in swirling hybrid rockets as Karabeyoglu et al. did 3) (showed in Table 1 . and Fig. 3.) .
Of the hypotheses of Table 1 ., No.2, 3, 4 and 6 are the same as the theory of Karabeyoglu et al. 3) No.4 and 5 is assumed to simplify calculating swirl numbers. The reason for applying the power law to the angular velocity in No.7 is that the definition of shear stress of the radial direction parallel to the circumferential direction is expressed as . Hypothesis
No.9 is assumed because of the experimental results of Steenbergen 4) and Kito 5) et al. in all of results of their experiments, the axial component of the boundary layer thickness is larger than the circumferential one around the downstream where the effects of the swirlers used in these experiments are much small. Table 1 . The hypotheses on swirl hybrids.
1.
The flow in the combustion chamber is axisymmetric.
2.
The Prandtl number in flows is 1.
3.
The flow in the boundary layer is incompressible 4.
The axial velocity component is uniform except in the boundary layer over the fuel-port wall surface.
5.
Circumferential velocity components are the same as rigid body rotation except in the boundary layer over the fuel-port wall surface. 6.
Axial velocity components in the boundary layer obey the power law when there is not blowing from fuel surface. 7.
Circumferential angular velocity components in the boundary layer obey the power law when there is not blowing from fuel surface. 8.
The swirl without blowing from fuel port surface decays exponentially in the axial direction. 9.
The axial boundary layer thickness is larger than the circumferential one. 
Quasi-Steady Boundary Layer Combustion Model of Swirling Hybrid Rocket Engines
Quasi-steady boundary layer combustion model of swirling hybrid rocket engines is based on the almost same concept as past resarchers' models such as Marxman, Gelbert and Karabeyoglu's boundary layer combustion models. The new ideas in our study are to extend the quasi two-dimensional flows to axisymmetric three dimensional flows and to estimate the axial skin-friction coefficient in swirl flows and skin-friction shear stress with blowing by using one with no blowing.
First, we use Reynolds' analogy to reveal the relation between the convection heat transfer and the skin-friction coefficient.
(1) (2) Eq. (1) is the axial component of Navier-Stokes equations in which the effect of axial partial differentials in viscosity term and pressure term are ignored because radial partial differential is much greater than axial one in the boundary layer. Eq. (2) is the equation of the energy conservation law in which the effect of the heat derived from viscosity is already ignored because the convection heat transfer, which comes from flame, in other words, from outside of a piece of a microvlume, is much greater than frictional heat generated within a piece of a microvlume. If the Prandtl number is 1, there is a similarity between the distributions of and as Fig. 3 . This similarity is expressed as
Here, considering the definition of and and the fact that radial differential is much larger than axial differential in boundary layer, these are approximated as (4)
Eq. (3), (4) and (5) yields (6) where we used 1. From the definition of Stanton numbers and Eq. (6), (7) where because is always negative. Here, using the relation of the heat flux to the wall and Stanton number, the heat flux to the wall can be expressed as (8) where the rear relation meets only in quasi-steady states. The derivation way of this equation is easily shown in Fig. 4 To express the axial skin-friction coefficient with other observable variables or boundary conditions, we must express the flow field in boundary layer with radial distance and axial distance and solve Karman's momentum integral equation 6) . First, we express the shear force with two ways as Karabeyoglu did, as it shows the velocity differential to yield the flow field and skin-friction stress to the wall. Now, according to the Prandtl's mixing length theory extended to three-dimension by Czernuszenko and Rylov 7) , if each eigenvector of the mixing length tensor is parallel to each cylinder coordinate axis and the norm of the eigenvectors are the same, shear stress including Reynolds stresses are expressed as (9) where we assumed the circumferential partial differentials are much larger than the axial ones. On the other hand, we can differently express the shear stresses using the boundary theory on vaporing surface from flat plate by Dorance and (12) where we used . Integrating Eq. (12) with from 0 to 1 yields and using approximation that and , we can express axial skin-friction coefficient as
Assuming that , , , Eq. (13) can be simplified as
where . If , the left side of Eq. (14) becomes the same form as Karabeyoglu's approximation 3) .
in Eq. (14) represents the effect of the circumferential Reynolds stress.
To express the flow fields in the boundary layer, we use Boussinesq equation instead of Eq. (9) (8) and using the definition of , the heat flux to the wall can be expressed as 
Validation of the Quasi-Steady Boundary Layer Combustion Model
In this section, we evaluate the accuracy of quasi-steady swirling boundary layer combustion models by comparing the derived estimation of regression rates with experimental results.
According to Karabeyoglu et Here, we write in Eq. (36) as in swirl flows and in axial flows. The ratio of these two coefficients shows how regression rate rise by the initial swirl strength :
To validate swirling quasi-steady model and check the order of magnitude, we have compared this increase rates by swirl between Eq. (41) and a set of experiments by Yuasa et al. 10) The cases of the port length are shown in Fig. 6 . and ones of are shown in Fig. 7 . where we set as representative value and we also do and . In quasi-steady models, is equal to . Yuasa's paper says it is technically too difficult to measure the swirl numbers in their engine and when they plotted the regression rates, they use a kind of index called geometric swirl number as how strong the swirling is. This index is determined only by the geometry of engines and injectors and not always equal to the real swirl number in flows. Actually, Motoe et al. 11) conducted numerical calculation of the swirl cold flow field using the geometry similar to Yuasa's engine scale. The calculated swirl numbers near the injectors are the 66% of the geometric swirl number. For this reason, we have plotted Yuasa's test results with error bar in the swirl number direction.
Note that in both port lengths, in large swirl numbers, the increase ratios of the swirling boundary layer combustion model are largely consistent with experiments and that the tendency that the larger initial swirl numbers are, the larger the regression rates are is also consistent with the set of experiments. Initial swirl numbers will be highly designed to increase regression rates and this estimation method will be useful.
On the other hand, in the range of small swirl numbers under 3, the increase rates are less than 1. This is because while we must solve momentum, angular momentum, and energy coupled differential equations, in order to simplify the problem, we have introduced the hypothesis of the exponential decline of swirl in cold flows, the rough estimation of axial skin-friction stress as Eq. (23), and the effect of swirl flows and blowing to the skin-friction coefficient were separately considered.
Moreover, in order to more accurately model the combustion in large swirl numbers, we should consider the ignored pressure gradient terms by swirl when we derive Eq. (25). From the comparison with experiments, we think the effects of this term in large swirl numbers seem to be larger than we have considered. In large swirl numbers, even if the circumferential boundary thickness is the 1% of the port radius and swirl strength is 10, the second and third terms in the right side of Eq. (24) are the same order of magnitude as the one in the left side. 
Unsteady Boundary Layer Combustion Model and Construction of Swirling TC Coupled Model
In the prior section, we have derived quasi-steady swirling boundary layer combustion model. To develop unsteady model, we will average parameter related to axial location, nondimensionalize steady model, and linearize it from a reference point as Karabeyoglu did 3) . First, we replace exponent 0. 8 (46) While we define each response time, actually, in most experiments such as Yuasa's, the injectors are designed not to control geometric swirl numbers 8) . If there are some cases where the swirl numbers change in these experiments, they are only the cases where the oxidizer mass flux change and the actual initial swirl numbers also do because it makes changes the strength of the effects of viscosity or turbulence. Therefore, in these experiments, there can be a relation between and . Finally, we couple Eq. (46) with the thermal lags model in solid fuel. We adopted Karabeyoglu's perturbation solutions model because properties of the thermal lags models are determined only by the species of the solid fuel regardless of swirl or axial flows. The perturbation solutions model follows (47) Therefore, the swirling TC coupled model follows (48) where oxidizer mass flux and swirl number are inputs and regression rate is the output.
Results and Discussion of Swirling TC Coupled Model
In this section, we show results of the stability analysis on the swirling TC coupled model and compare them with ones of the axial model. We used the set of parameters assumed HTPB and two sets of response times. Here, we assume that swirl numbers are fixed by the geometry of injectors and there is no disturbance of swirls. This assumption is applied to Eq. The difference between swirl and axial models where the swirl disturbance is ignored appears only in the parameter called "blocking parameter ".
In the case of systems with zero boundary layer delays, , are showed in Fig. 8 . and Fig. 9 . The vertical axis shows the absolute values of the response frequency. These systems are determined to be stable in both swirl and axial flows and, in fact, there is no pole except a zero point at (0, 0) in plane in both figures.
(51) and we have assumed the initial swirl strength and .
A set of unstable poles is generated in both swirl and axial flows, which is shown in Fig. 10. and Fig. 11 . Karabeyoglu et al. considered higher order poles except primary poles are imaginary because of the linearization of combustion systems and in actual cases higher order modes are well dumped 3) . We also approve of their hypothesis.
Compared with the axial flows, the swirl flows tend to be unstable. This is because blocking parameter is larger than . In nondimensional unit expression, the places of the unstable poles change. Especially, imaginary places of poles are smaller than in the axial ones. These shifts are caused by the shifts of characteristic time of fuel.
The locations of natural oscillations in dimensional plane of axial and swirl transfer analysis are showed in Table. 2. While the natural frequencies slightly shift, the amplifications of natural oscillations highly change. The slight shift of the primary pole frequency seems to be caused by the shift from to , but as Karabeyoglu claims about the range of 3) , the effect of the shift of blocking exponent to the primary pole frequencies is also negligible in this range. On the other hand, the amplification rates of natural oscillations in the case of the swirl injection, which is equal to the real part of locations of poles, greatly shift from in the case of the axial one. We have already confirmed the change of characteristic time of fuel scarcely affects the locations of poles and this seems to be because the blocking feedback effect of fuel vaporization is strengthened by the increase of heat flux to the wall by swirl. 
Conclusion
In this paper, we have reconstructed and extended Karabeyoglu's Thermal-Combustion coupled model in order to apply to swirling hybrid rocket engines and the following conclusions can be drawn:
The quasi-steady boundary layer combustion model in swirling hybrid rocket engines is derived, which is led by the extension of Karabeyoglu's two dimensional theory 3) to axisymmetric three dimensions. The derived heat flux equation includes the effect of swirl and the strengthened fuel blocking effect. The blocking exponent of strong swirl injection is calculated to 0.965 in contrast with 0.77 in axial injection.
To evaluate the accuracy of the quasi-steady boundary layer combustion model in swirling hybrid rocket engines, we have led the equation to calculate regression rates in swirl engines from the heat flux to the wall and compared the estimation of increasing rates by swirl with ones of Yuasa's experiments 11) . Though the assumed flow fields seem not to accurately be the same as in the actual cases, the estimation of increasing rates is the same order of magnitude in all swirl strength and is relatively well fit especially in strong swirls.
In order to couple the swirling boundary layer combustion model with Karabeyoglu's thermal lags model in solid fuel, we have led the unsteady boundary layer combustion model in swirl injection from the derived quasi-steady model. First, we have conducted stability analyses in the case where swirl disturbance is negligible. In this case with no response time from any input, the swirl coupled system is more stable than the axial one. However, provided with fuel response time, the swirl TC coupled system builds a series of unstable poles and in all plane like the axial system, this system is more unstable than the axial model. Though the several poles are generated, as Karabeyoglu says in his papers, we also believe higher order poles except primary poles are imaginary because of the linearization of combustion systems. The natural frequencies of unstable poles in swirl flows do not change from the ones in axial flows. On the other hand, the amplification rates of the natural oscillations in swirl cases shift to the higher values from in axial cases. These changes seem to be caused by the strengthened blocking feedback effect of fuel vaporization by the increase of heat flux to the wall and the natural amplification rates are increased.
